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Outline of topics

• Learning objectives
• Reading: texts, articles, statistical sources
• Brief review of mortality and illness measures
• The epidemiological transition(s)
• Why life expectancies are important
• A brief history of the life table
• Ways of understanding the life table
• Step 1: assemble mortality and population data

– …To Step 10: compute life expectancies at age x, ex

• The Spreadsheet Exercise
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Learning objectives
• To understand statistics on mortality and health
• To appreciate the set of processes known as the 

epidemiological transition
• To know how to compute measures of mortality and 

illness
• To understand the concept of life expectancy, the key 

indicator of the health of a population
• To understand the life table model used to compute life 

expectancies
• To be able to compute a life table and life expectancies
• To understand the differences between period and 

cohort life tables
• To explore  how babies born in Scotland in 2007 will 

survive to age 100
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Reading: Texts
• Rowland, D. (2003) Demographic Methods and Concepts. Oxford University 

Press, Oxford. Chapter 6, Mortality and health, pp.179-219. 

• Rowland, D. (2003) Demographic Methods and Concepts. Oxford University 
Press, Oxford. Chapter 8, Life tables, pp.265-299.

• Other texts
– Hinde, A. (1998) Demographic Methods. Arnold, London. 
– Rogers, A. (1995) Multiregional demography: principles, methods and 

extensions. Wiley, Chichester.
– Newell, C. (1988) Methods and Models in Demography. Frances Pinter, London.
– Rees, P. and Wilson, A. (1977) Spatial Population Analysis. Arnold, London. 

Chapter 16, Multi-regional account based life tables, pp.237-276.
– Willekens, F. and Rogers, A. (1978) Spatial Population Analysis: Methods and 

Computer Programs. International Institute for Applied Systems Analysis, 
Laxenburg.

– Pressat, R. (1972) Demographic Analysis: Methods, Results, Applications. 
Translated by J. Matras. Arnold, London.

AQMeN Training Event 17th December 2009



Reading: Articles
• Recent articles from The Economist (ask Library about access to online 

collection, which can be searched)
• Sept  25, 2003

– Special Report: State Pensions in Europe. The crumbling pillars of old age.
• January 28, 2006

– Company pensions: time for a reality check
– Special report: actuaries and the pensions crunch

• February 18, 2006 
– Leader: how to manage an ageing workforce
– How companies are changing and need to change
– What happens to people’s abilities as they age

• February 25, 2006
– Ageing: how to live for ever

• June 12, 2008
– Falling short. Workers are sleepwalking towards an impoverished old age

• Pensions Commission (2004) Pensions: Challenges and Choices – The 
First Report of the Pensions Commission. The Stationery Office, Norwich. 
www.pensionscommission.org.uk. Chapter 1, The demographic challenge 
and unavoidable choices, pp.1-25.

• Rees, P., Stillwell, J. and Tyler-Jones, A. (2004) The city is the people: 
demographic structure and dynamics. Chapter 2, pp.26-48 in Unsworth, R. 
and Stillwell, J. (eds) Twenty-First Century Leeds: Geographies of a 
Regional City. Leeds University Press, Leeds. 
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Reading: Sources
• Population Trends (National Statistics journal), Table 5.1, 

Expectations of life at birth and selected ages (UK, E &W, E, W, S, 
NI)

• Griffiths, C. and Fitzpatrick, J. (2001) Geographic inequalities in life 
expectancy in the United Kingdom, 1995-97. Health Statistics 
Quarterly, 9, 16-28.

• Health Statistics Quarterly 11, Autumn 2001, Life expectancy at birth 
by health and local authorities in the United Kingdom 1997-99 (3 
year aggregate figures), pp16-28. See HSQ 13, 24 for updates.

• D6949.xls (LifeTableTemplatesONS) available on 
www.statistics.gov.uk

• Government Actuary’s Department, Life Tables, online spreadsheet 
files e.g. http://www.gad.gov.uk/Life_Tables/Interim_life_tables.htm
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Mortality and health

• Please read Rowland’s Chapter 6 which 
covers the main measures of mortality 
– (apart from life table measures which we will cover in this lecture)

• Read about 
– Sources of statistics on mortality and health
– The epidemiological transition
– Measures of mortality 
– Health and illness
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The epidemiological transition(s): 
brief overview

Four stages:
• (1) infectious diseases dominate, nutrition is poor 

and people die of malnutrition and starvation
• (2) infectious diseases are conquered one by one 

through (a) “engineering prevention” (clean water, 
sewage disposal), (b) “biological prevention”
(vaccination), (c) medical treatment (preventing 
death, reducing symptoms) but the prey-predator 
war is forever

• (3) cardiovascular diseases (affecting the 
circulation system) become prevalent

• (4) these are reduced through drugs, life saving 
operations, thus emphasizing the importance of 
cancers as causes of mortality

• (5) we seek therapies to combat cancer and 
survival chances improve gradually over time
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Why do we need life tables to measure mortality 
experience?

(Source: UK Life Table 1998 computed by Phil Rees from GAD, ONS, GROS and NISRA data on deaths and 
population)

Logged Non-survival probabilities 1998
(series 1 = men, series 2 = women)
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Observations on the relationship 
between mortality, age and sex

• Mortality is high close to birth and declines to age 10
• Then it increases exponentially to the end of life (we plot non-

survival probabilities on a logarithmic scale: a straight line indicate 
exponential increase)

• This relationship is affected at ages 15-29 by excess mortality (due 
to violence, accidents, drug abuse)

• Men experience higher mortality than women throughout life 
• The gap between men’s and women’s health is narrowing
• Beyond age 80 the increase slows down a little probably due to 

survivor bias (the fittest survive to very old ages)
• Given the mortality-age relationship you must screen out the 

influence of differing population age structures on mortality 
measures

• The LIFE TABLE model offers an excellent device to measure 
mortality that avoids age structure bias
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A brief history of the life table: beginnings

• John Graunt 1662 developed a proto-life table for 
London: “of the said 100 conceived there remains alive 
at six years end 64 [children], …At Tirty [sic] six 16 
[persons] … At sixty six 3” (quoted in Rowland 2003, 
p.267)

• William Petty re-published Graunt’s work in 1674
• A mathematical model was proposed by Edmond Halley 

(of comet discovery fame) in 1693. He constructed a life 
table based on the age-at-death records of Breslau 
(Wroc
aw) which allowed the government to sell 
annuities with a price dependent on a person’s age (and 
remaining expected life time)
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Edmond Halley: Inventor of the Life Table Model
“Edmond Halley (sometimes "Edmund", October 29, 1656 – January 14, 1742) was an English astronomer, 

geophysicist, mathematician, meteorologist, and physicist. “
Text source: Wikipedia online encyclopedia, http://en.wikipedia.org/wiki/Edmund_Halley

Picture source: Wikipedia commons, http://en.wikipedia.org/wiki/Image:Edmond_Halley_5.jpg#filelinks)
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A brief history of the life table: better deaths 
and population data

• Better deaths and population data gathered in late 18th century 
(Sweden, Germany) and in 19th century (UK, from 1981) as a result 
of Registration of births and deaths and the development of 
censuses enabled the construction of accurate national life tables

• Insurance companies and the Society of Actuaries develop life 
tables based on the death records of policy holders

• England Life Table published after each decennial census up to 
1980s when good population estimates make possible annual life 
tables (see Population Trends table)

• In the 1990s life tables have been developed for UK countries, 
regions and local authorities (see Health Statistics Quarterly reports)

• Academics have begun to produce life tables for small areas (see
Rees et al. 2004; Brown and Rees 2006, forthcoming in Regional 
Studies)
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A brief history of the life table: 
methodological improvements

• More sophisticated life table functions developed by mathematicians and 
actuaries

• Computer software and spreadsheets used to make possible accurate life 
tables in large quantities

• Iterative estimation of key life table variables (Keyfitz)

• Extension of the last age beyond 85 to 100 and beyond (most NSOs)

• Development of model life tables in 1960s and 1970s by Coale and 
Demeny, the UN and others to help where good deaths registration was 
absent (see Rowland 2003, Chapter 9 Stable and Stationary Populations)

• Development of multiregional life tables by Rogers, Willekens, Ledent in 
mid-1970s and by Rees and Wilson: the aim is to predict where life will be 
spent

• Development of cohort life tables (which predict future mortality of a birth 
cohort) as well as period life tables (which extrapolate from current mortality 
regions)
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The Pension Commission (2003, p.103) uses 
cohort life expectancies
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Life table: features

• Life table = stationary population model
– A stationary population is one fixed in size
– The age structure is dependent only on the 

relationship of mortality and age
– In a stationary population, births = deaths
– A fixed number of births are input: 100,000 is 

usual; this is the life table radix (root number)
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Life table: descriptions

• Using words
– life expectancy at age 0 is how long people 

born this year can expect to live

• Using mathematics
– e0 = life expectancy at age 0
– e0 = T0/l0

• Using graphs
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Age-time graph (aka Lexis diagram)

Age-time spaces:
Period : e.g. 2003, vertical column

Age: e.g. 2, horizontal row

Cohort : e.g. born 2003, diagonal

Period-age :  e.g. 2 in 2005, square

Period-cohort : e.g. 1 on 1.1.04 to 2 on 1.1.05, 
parallelogram

Age-cohort :   e.g. birthday 1 in 2004 to birthday 
2 in 2005, parallelogram

Age-period-cohort :  e.g. age1, 2004, born 
2003, triangle
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Life table, step 1: assemble mortality and 
population data by age, Dx and Px

• GAD, ONS, GROS and NISRA report deaths and 
populations for the UK, E&W, Scotland and N Ireland

• Deaths = registered by usual residence and age at last 
birthday

• Population = mid-year estimate or average of start and 
end of year populations

• May need estimation of ages 90 or 95+ at national level
• May need estimation of single years of age from grouped 

ages (0,1-4,5-14,15-19, 20-24 etc) for local populations
• Dx = deaths by age (period-age)
• Px = population by age (stock at mid-year)
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Life table, step 1: UK males 1998, variables

Age Deaths Population

x Dx Px

0 D0 P0

1 D1 P1

2 D2 P2

: : :

99 D99 P99

100 (=100+) D100 P100
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Life table, step 1: UK males 1998, numbers

Age Deaths Population

x Dx Px

0 2327 364800

1 190 375100

2 117 369000

: : :

99 215 561

100 319 678
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Life table, step 2: compute observed  
mortality rates by age, Mx

Mortality rate at age x
= Deaths at age x/Population at risk at 
age x

Deaths are recorded in period-age age-time 
spaces

Population at risk
either mid-year population aged x
or average of start and end of year 
population aged x
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Life table, step 2: compute observed  
mortality rates by age, Mx, variables

Age Deaths Population Mortality rates

x Dx Px Mx=Dx/Px

0 D0 P0 M0=D0/P0

1 D1 P1 M1=D1/P1

2 D2 P2 M2=D2/P2

: : : :

99 D99 P99 M99=D99/P99

100 (=100+) D100 P100 M100=D100/P100
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Life table, step 2: compute observed  mortality 
rates by age, Mx, UK males 1998, numbers

Age Deaths Population Mortality 
rate

x Dx Px Mx

0 2327 364800 0.006379

1 190 375100 0.000507

2 117 369000 0.000317

: : : :

99 215 561 0.382851

100 319 678 0.469674
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Life table, step 3: compute the probabilities 
of dying between age x and x+1, qx

The equation
qx = Mx/(1 + 0.5Mx)
sometimes given as qx = 2Mx/(2 + Mx)

Derivation
Persons with xth birthday in year = Px + 0.5 Dx

Probability of dying between ages x and x+1 = Dx/(Px + 
0.5 Dx)

Divide top and bottom by Px

qx = (Dx/Px) / ([Px/Px] + 0.5 [Dx/Px])
Substitute definition of Mx

qx = Mx / (1 + 0.5 Mx)
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Px + 0.5 Dx
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Dx

Step 3: graphical illustration using age-time diagram
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Life table, step 3: compute the probabilities of 
dying between age x and x+1, qx, variables

Age Mortality rate Mortality probability

x Mx qx

0 M0 q0=M0/(1+0.5M0)

1 M1 q1=M1/(1+0.5M1)

2 M2 q2=M2/(1+0.5M2)

: :

99 M99 q99=M99/(1+0.5M99)

100 (=100+) M100 q100= 1.0000
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Life table, step 3: compute the probabilities of 
dying between age x and x+1, qx, UK males 1998

Age Mortality rate Mortality 
probability

x Mx qx

0 0.006379 0.006342

1 0.000507 0.000506

2 0.000317 0.000317

: : :

99 0.382851 0.321338

100 (=100+) 0.469674 1.000000
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Life table, step 4: compute the probabilities 
of surviving from age x to x+1, px

Probability of survival from age x to x+1, px

px = (1 – qx)

x

x+ 1

time 

Age

t t+1
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Life table, step 4: compute the probabilities of 
surviving from age x to x+1, px, UK males 1998

Age Mortality 
rate

Mortality 
probability

Survival 
probability

x Mx qx px

0 0.006379 0.006342 0.993658

1 0.000507 0.000506 0.999494

2 0.000317 0.000317 0.999683

: : : :

99 0.382851 0.321338 0.678662

100 0.469674 1.000000 0.000000
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Life table, step 5: compute the numbers 
surviving to age x, lx - concept

• Life tables have a radix (number base) = 
hypothetical constant number born each year 
into a stationary population

• Usually radix = 100000 but you can use 10000 
or 1000000 or 1 (in this case the survivors 
variable has a probability interpretation)

• lx = number of survivors of birth cohort who 
have attained age x (exact age or birthday) 

• The number surviving to age x is the number 
surviving to age x-1 times the probability of 
surviving from age x-1 to age x

Life table, step 5: compute the numbers 
surviving to age x, lx - formulae

• lx = lx-1 ´ px-1 

– e.g. l2 = l1 p1

• We can include prior equations to obtain 
an expression for lx which is linked to the 
radix

• lx = l0 p0 ´ p1 ´ … ´ px-1 = l0 ´ P y=0,x-1 py

• A picture can clarify this
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Age

Time

0
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l2

p2

l3

Surviving a birth cohort from one birthday to the next
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Life table, step 5: compute the numbers 
surviving to age x, lx, UK males 1998

Age Survival 
probability

Cohort 
survivors

x px lx
0 0.993658 100000

1 0.999494 99366

2 0.999683 99315

: : :

99 0.678662 619

100 0.000000 420
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Life table, step 6: compute the probabilities 
of surviving to age x, vx

• It is useful for some purposes to compute 
the probability of surviving to a particular 
age, vx

• vx = lx / l0
• This is useful for computing the median life 

expectancy, i.e. that age x at which vx = 
0.5
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Step 6: probabilities of survival to age x, vx

Age Cohort 
survivors

Probability of 
surviving to age x

x lx vx

0 100000 1.00000

1 99366 0.99366

2 99315 0.99315

: : :

99 619 0.00619

100 420 0.00420
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Life table, step 7: compute the numbers 
dying between ages x and x+1, dx

• Some of the stationary birth cohort will die 
between exact ages

• The number, dx, is computed from
– Successive cohort survivors

• dx = lx – lx+1

– Multiplication of cohort survivors by mortality 
probability

• dx = lx ´ qx
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Life table, step 7: compute the numbers dying 
between ages x and x+1, dx

Age Mortality 
probability

Cohort 
survivors

Cohort non-
survivors

x qx lx dx

0 0.006342 100000 634

1 0.000506 99366 50

2 0.000317 99315 31

: : : :

99 0.321338 619 199

100 1.000000 420 420
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Life table, step 8: compute the life years 
lived between ages x and x+1, Lx, concepts

• The next step is to work out how many years 
people in the birth cohort live between exact 
ages

• This quantity is called Lx and is made up of two 
parts, the life years lived by persons surviving 
through the interval and the life years lived by 
those who die in the interval

• We make an assumption about the fraction of 
the interval, called ax that non-survivors are alive 
for e.g. ax = 0.5 for most ages (except the very 
young and oldest)
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Life table, step 8: compute the life years 
lived between ages x and x+1, Lx, formulae

• Life years lived are given by
– Lx = 1 ´ lx+1 + ax ´ dx = lx+1 + ax dx

• e.g. L40 = l41 + 0.5 d40 = 96486 + 0.5 ´ 155 = 96563 
• An alternative formula averages successive numbers of survivors 

(see Rowland 2003, p.280)
– Lx = 0.5 (lx + lx+1)

• We need a different ax for age 0
– a0 = 0.1 (Rees using ONS 2003 method)
– a0 = 0.3 (Rowland using earlier authors)

• We need a different ax for age 0 and age z (the last)
– az = 1/Mz
– i.e. if the mortality rate is 0.5, we expect people to live for a further 2 

years on average
• Detailed empirical study of deaths below age 1 by week and month

is needed to improve on these approximations
• Detailed study of deaths beyond age 100 is also needed
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Age

Time

x

x+1

x+2

t t+1
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Illustration of the two 
meanings of Lx

(1) Life years 
lived 
between 
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age group
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Lx+1
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Life table, step 8: compute the life years lived 
between ages x and x+1, Lx, UK males 1998

Age Cohort 
survivors

Fraction 
live

Cohort non-
survivors

Life 
years

x lx ax Dx Lx

0 100000 0.1 634 99429

1 99366 0.5 50 99341

2 99315 0.5 31 99300

: : : : :

99 619 0.5 199 520

100 420 2.1 420 894
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Life table, step 9: compute the total life 
years lived beyond age y, Ty

• The next step is to add up the Lx variables beyond each 
age. This variable is called the Total Life Years lived 
beyond age y, Ty

• We use y rather than x because we need to sum over x
• The formula is

– Ty = Sx=y to x=z Lx

– i.e. we sum Lx from the current y value to the last age z

• To do the arithmetic is easier to start with the last age 
and then work backwards to younger ages
– Tz = Lz then Tz-1 = Tz + Lz-1 etc
– In the next slide T99 = T100 + L99 = 894 + 520 = 1414
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Life table, step 9: compute the total life years lived 
beyond age x, Tx, UK males 1998

Age Life years Total life years

x Lx Tx

0 99429 7472831

1 99341 7373402

2 99300 7274062

: : :

99 520 1414

100 894 894
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Life table, step 10: compute life expectancy 
beyond age x, ex

• The life expectancy at age x is the total 
number of life years lived beyond age x 
divided by the numbers in the birth cohort 
surviving to age x

• ex = Tx / lx
• e.g. e0 = T0 / l0 = life expectancy at birth
• Also of interest are e65,e70,e75,e80 for 

pension, health care and personal care 
planning for the older population
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Life table, step 10: compute life expectancy 
beyond age x, ex, UK males 1998

Age Cohort 
survivors

Total life 
years

Life 
expectancy

x lx Tx ex

0 100000 7472831 74.73

1 99366 7373402 74.20

2 99315 7274062 73.24

: : : :

99 619 1414 2.28

100 420 894 2.13
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Now you will understand how the statistics in these two maps were 
compute to give a picture of the spatial pattern of life expectancies for 

males in Leeds in  (a) 1990-92 and (b) 2000-02

• Northern and 
Eastern suburbs 
favoured

• Spatial pattern very 
stable over 10 years

• e0 improves 2.68 
years for men, 2.50 
for women over 10 
years

• For England & 
Wales, over the 10 
years men’s e0 rose 
by 2.57 years and 
women’s by 1.67 
years

Where I board the bus in the morning (Cookridge
ward), male life expectancy is 79 years (2000-02)

Where I alight from the bus (University ward), men 
can expect to live only 71 years. Source: Figure 2.12 in 

Rees, Stillwell & Tyler-
Jones (2004)
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Life table, summary of formulae

• Step 1, observed data: Dx and Px
• Step 2, mortality rates: Mx = Dx/Px
• Step 3, mortality probabilities: qx = Mx/(1 + 0.5 Mx)
• Step 4, survival probabilities: px = 1 - qx
• Step 5, number surviving: lx = lx-1 px-1
• Step 6, probability of survival: vx = lx/l0
• Step 7, number dying: dx = lx – lx+1
• Step 8, life years lived: Lx = lx+1 + 0.5lx

first age L0 = l1 + 0.1l0
last age Lz = lz (1/Mz)

• Step 9, total life years lived: Tx = Tx+1 + Lx
• Step 10, life expectancy: ex = Tx/lx
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Cohort life expectancies

• Forecast mortality rates forward for 100 
years from current year using model of 
constant rate of decline (at 2%)
– e.g. Mx(y) = Mx(y-1) ´ (100 – 2)/100
– e.g. Mx(y) = Mx(y-1) ´ e -0.02

• Assemble cohort mortality rates:
– M0(y),M1(y+1),M2(y+2), …, M100+(y+100)
– Compute life table in normal way
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Practical
• Download Scotland Life Table 2006-08.xls of deaths and population 

for men and women which will be your guide
• Create your own spreadsheet for implementing the computation of a 

period and cohort life table for either men or women
• Enter formulae, step by step, copying and pasting where appropriate
• Check work against the downloaded file
• Note period life expectancies for ages 0, 65 for chosen gender
• Compute median life expectancy (see slides to follow)
• Project mortality rates into the future using a simple method (see the  

downloaded file)
• Compute cohort life expectancy for those born in 2007
• Assemble a table that compares period life expectancy 2006-8, 

2007 cohort life expectancy  and the Table 1 values in Christensen 
et al paper
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Supplementary information on the Life 
table

• This set of slides provides guidance on:
– Computing the median life expectancy
– Computing survivorship probabilities for 

period-cohorts
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Median life expectancy

• This is the age at which half the birth cohort has 
died and half are still alive
– That is, where lx = 50000 or vx = 0.5

• Find ages x and x+1 such that lx > 50000 and 
lx+1 <50000

• Then the median can be computed using the 
formula (assuming a one year interval)
– xmedian = x + (lx – 50000)/(lx – lx+1)
– or
– xmedian = x + (vx – 0.5)/(vx – vx+1)
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A

F

E

B

C
D

x x+1xmedian

Age

Survival probabilities

lx

50000

lx+1

AB = lx – 50000

BC = 50000 – lx+1

AC = lx – lx+1

CD + DE = 1
Triangles ABF and ACE are 
similar (same angles), so

BF/AB = CE/AC

BF = CD

Therefore,

BF = CE ´ (AB/AC)

BF = 1 ´ (lx-50000)/(lx-lx+1)

Add this to x to obtain 
xmedian
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Survival probabilities for the cohort-component 
model (for period-cohorts) (aka “survivorship 

rates”)

• First period-cohort (birth to age 0)

– s-1 = L0/l0
• Period-cohorts x to x+1 from x=0 to x=z-1 (where z is the last age)

– sx = Lx+1/Lx

• Final period cohort

– sz-1+ = Lz+/(Lz++Lz-1)
– sz-1 = sz-1+

– sz = sz-1+

– We can only measure the survival of the combined last but one 
and last (open ended) age and assume this survival probability 
applies to both ages (any error will be small)
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time
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Lz-1

Lz

Lz

Last but one and last period-cohorts
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Forecasting mortality and survival 
probabilities

• Full analysis: detailed investigations of cohort and cause 
specific mortality informs projections into the future

• Simple analysis: you can explore future mortality by 
making simple assumptions based on past trends
– In the life table analysis this was done as follows:
– Mx(t+1) = Mx(t) × [(100 - %decline)/100]
– Or
– Mx(t+1) = Mx(t) × [1 - %decline/100]
– In the projection analysis, we need to translate this decline into 

increase in survival probabilities
– sx(t+1) = 1 – [(1 – sx(t)) × [(100 - %decline)/100]
– where (1 – sx(t)) is the non-survival (mortality) probability for 

period cohort x to x+1 and time interval t to t+1
– sx is made a lower case letter to indicate it is a probability (we try 

to use capital letters to indicate stocks of people or flows) 
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